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The Schur AlgorithmApplied to the One-Dimensional
Continuous Inverse Scattering Problem
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Jinho Bae

Abstract—The one-dimensional continuous inverse scattering
problem can be solved by the Schur algorithm in the discrete-time
domain using sampled scattering data. The sampling rate of the
scattering data should be increased to reduce the discretization
error, but the complexity of the Schur algorithm is proportional to
the square of the sampling rate. To improve this tradeoff between
the complexity and the accuracy, we propose a Schur algorithm
with the Richardson extrapolation (SARE). The asymptotic ex-
pansion of the Schur algorithm, necessary for the Richardson
extrapolation, is derived in powers of the discretization step, which
shows that the accuracy order (with respect to the discretization
step) of the Schur algorithm is 1. The accuracy order of the SARE
with the -step Richardson extrapolation is increased to
with comparable complexity to the Schur algorithm. Therefore,
the discretization error of the Schur algorithm can be decreased
in a computationally efficient manner by the SARE.

Index Terms—Inverse scattering, reflection coefficient,
Richardson extrapolation, Schur algorithm.

I. INTRODUCTION

T HE one-dimensional (1-D) inverse scattering problem
(ISP) is to find the local reflectivity function of an in-

homogeneous medium when the measurement for a known
exciting signal at the boundary, called scattering data, are
given. The examples for this classical 1-D ISP are inverse
Schrödinger problem [1], [2], non-uniform transmission-line
synthesis [3]–[5] and analysis [6]–[8], inverse acoustic scat-
tering [9], [10], and seismic inversion problem [11], to list
a few. The methodology to solve the 1-D ISP can be found
in [12]–[15] and references therein. The Schur algorithm
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[14]–[16] is one of the most efficient methods for the 1-D
ISP. Contrary to an integral equation method [17], the Schur
algorithm does not have inner product in the recursion and
is appropriate for parallel computation [14]. In addition, the
Schur algorithm provides a fast Cholesky factorization method
of Toeplitz matrices that have displacement structure, and
the concept of displacement structure is generalized to some
structured matrices [18]. Many researchers in various fields
are motivated by this computationally efficient feature of
the Schur algorithm, and the Schur algorithm is applied to
many signal processing problems, including fast factorization
of matrices [18]–[23], spectral factorization [24]–[27], filter
design [28]–[36], estimation [37]–[41], digital communication
[42]–[46], non-uniform transmission line synthesis [3], mul-
tidimensional BIBO stability test [47], underwater acoustics
[48], and geophysics [49].
In general the scattering data is sampled at discrete time in-

stants, and the 1-D continuous ISP (CISP) can be solved in the
discrete time domain through the discretization of the governing
equation. The discretized 1-D ISP becomes the identification
problem of a uniformly layered medium whose reflection coef-
ficients can be computed by the Schur algorithm. It is necessary
to increase the sampling rate of the scattering data for the de-
crease of the discretization error. However, if the sampling rate
is increased by a factor of , the number of multiplications of the
Schur algorithm are increased by a factor of . To the best of
author’s knowledge, the fastest Schur algorithm has complextiy

(see [18], [20] and references therein). Here,
is the number of layers. The computational gain of this fast

Schur algorithm is obtained by the implementation of the Schur
algorithm with a divide-and-conquer approach. But the com-
plexity reduction is limited to large and the advantage of
parallel computation cannot be fully achieved.
The goal of this paper is to resolve this trade-off between the

complexity and the accuracy. We propose a Schur algorithm
with the Richardson extrapolation (SARE) as a numerically
improved solution to the 1-D CISP. The key ingredient of the
SARE is the Richardson extrapolation which accelerates the
convergence of a numerical scheme that obeys an asymptotic
expansion [50]–[52]. We derive the asymptotic expansion
of the Schur algorithm through discretization error analysis
carried out in two steps of the Schur algorithm: computation of
the reflection coefficient and evolution of the wave variables.
The Richardson extrapolation is made feasible by the derived
asymptotic expansion, although the Richardson extrapolation
procedure of the SARE is not straightforward because the
SARE operates on the vector unlike the conventional numer-
ical scheme based on the scalar. The SARE with the -step
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Richardson extrapolation increases the accuracy of the Schur
algorithm from to , where is the discretization
step. Nonetheless, the complexity of the SARE is comparable
to the Schur algorithm.
Once the scattering data is gathered in an experiment, the ac-

curacy of the Schur algorithm is fixed and cannot be enhanced,
unless re-experiment is performed with the increased sampling
rate. However, the proposed SARE can improve the accuracy
without increasing the sampling rate, which is the most impor-
tant result of this paper. Furthermore, any advanced methods for
the Schur algorithm including divide-and-conquer and parallel
computation, can be directly applied to the SARE for further
improvement of the performance, because the SARE is a linear
combination of the computation results of the Schur algorithm
with different discretization steps. The SARE does not decrease
the computational complexity of the Schur algorithm itself un-
like the divide-and-conquer approach, but the computational ef-
ficiency of the SARE is achieved by exploiting the fundamental
structures of the 1-D CISP itself.
The remainder of this paper is organized as follows. In

Section II, the asymptotic expansion of the Schur algorithm
is derived in powers of the discretization step. In Sections III
and IV, we propose the SARE and numerical examples are
provided to verify the theoritical results. Concluding remarks
are given in Section V.

II. ASYMPTOTIC EXPANSION OF THE SCHUR ALGORITHM

A. Discretization of the 1-D CISP

The governing equations of the 1-D CISP are given by

(1)

where and are the right- and left-propa-
gating waves, respectively, is the local reflectivity function
(LRF) at the position , and is the time variable. We try to
find when and , called scattering data,
are given. Without loss of generality, we assume that the time
variable is normalized such that the speed of the wave is 1. If
the scattering data is sampled with the sampling period of ,
(1) needs to be discretized with the discretization step (DS) of
as follows [12],

(2)

The physical meaning of the discrete wave evolution equation
(DWE) (2) can be explained using a lossless transmission-line
model. The LRF is defined by the impedance as fol-
lows

(3)

Assuming that is sufficiently small, then

(4)

The above equation shows that can be interpreted as the
reflection coefficient at the position .
The Schur algorithm is a two-step recursive procedure. As-

sume that the medium is initially quiescent and the arrival time
of the right-propagating wave at the position is .
Step 1) From the causality of the wave propagation,

(5)

Inserting (5) with into (2), is
computed by

(6)

Step 2) Use the DWE to find the wave variables at the posi-
tion .

B. Asymptotic Expansion

The continuously coupled interactions of the counter-propa-
gating waves in the interval are converted to a single
discrete reflector in the DWE, and this discretization process in-
troduces the discretization error. An error analysis is performed
for the two steps of the Schur recursion to derive the asymptotic
expansion.
As can be seen in (4), is an approximation to the reflec-

tion coefficient. However, Step 1 of the Schur recursion com-
putes the reflection coefficient using (6), which regards the ap-
proximated reflection coefficient as the exact instanta-
neous reflectivity at the position . The following lemma iden-
tifies the numerical error of Step 1 of the Schur recursion by
investigating the relation between and .
Lemma 1: Assume that the arrival time of the right-propa-

gating wave at the position is . If the LRF computed by (6)
is denoted by , then

(7)

where

(8)

Proof: From the causality of the wave propagation, we get

(9)

The Taylor series for at is given by

(10)
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From (1), we know that

(11)

Inserting (9) and (11) into (10), (10) can be rewritten as

(12)

Dividing both sides of (12) by , we can obtain (7).
Lemma 1 confirms the intuitive belief that is closely re-

lated with which has the meaning of reflection. If the
second term of the right hand side of (12) is regarded as error
terms, can be interpreted as density of the reflection coeffi-
cient. Note that is a density function for the strength of the
coupling of the counter-propagating waves. The reflection co-
efficient is an approximation for the integration of
over . It is clear from (7) that Step 1 of the Schur re-
cursion truncates the exact LRF at degree 0.
Step 2 of the Schur recursion evolves the wave variables

using the DWE, assuming that the non-constant impedance of
the interval is constant. Therefore, the waves com-
puted by the DWE are not exact. The error due to these incor-
rect wave variables can be represented by a power series of as
shown in the following lemma.
Lemma 2: Assume that the arrival time of the right-propa-

gating wave at the position is . Let us consider the one-step
evolution of the Schur algorithm from to , assuming that

and are known for all and is known.
1) The right- and left-propagating waves computed by the
DWE at are truncation at degree one of
the Taylor series for the exact right- and left-propagating
waves at and , respectively.

2) If the LRF computed by (6) at using the wave vari-
ables computed by the DWE and the exact wave variables
is denoted by and , respectively, then

(13)

where is independent with .
Proof: 1) From the DWE, we get

(14)

(15)

Here, the normalization factor is omitted
for simplicity,1 and the wave variables computed by the DWE
are denoted by and which are different from the exact
wave variables and . The Taylor series for
at is given by

(16)

1The normalization factor (NF) is important for energy conservation. How-
ever, this NF is a cofactor for all elements of a generator matrix. Therefore, the
NF is canceled in Step 1 of the Schur algorithm (see (23)). Furthermore, the
roundoff error of the Schur algorithm could be decreased if the reflection coef-
ficient is computed without the NF.

where

(17)

From (1), we know that

(18)

Inserting (18) into (16), (16) is rewritten as

(19)
Inserting (14) into (19), we get

(20)
It is clear from (20) that is truncation at degree
one of the Taylor series for at .
Similarly, the Taylor series for at

is given by

(21)

Inserting (11) and (15) into (21), (21) is rewritten by

(22)
Therefore, it is shown that is truncation at
degree one of the Taylor series for at .
2) We calculate using (6) as follows

(23)

Inserting (20) and (22) into (23), we get

(24)
Define

(25)

(26)

(27)

(28)
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If is sufficiently small such that , then (24) can be
rewritten as

(29)

It is obvious that the second and third term of (29) are power
series of , in which the minimum degree is two. Also, note
that

(30)

Inserting (30) into (29), we obtain

(31)

Dividing both sides of (31) by , we get (13).
The physical meaning of the Schur algorithm is seen clearly

in the first part of Lemma 2. The Schur algorithm computes
the wave variables with accuracy and the remained error
term is represented by a familiar Taylor series expansion. In
addition, the points of the Taylor series in (16) and (21) are time-
delayed, , and time-advanced, , respectively,
with respect to the target position , which are in
agreement with the time-delay and time-advance operation of
the discretized wave evolution (2).
The asymptotic expansion of the Schur algorithm is reached

by merging power series (7) and (13) in the following theorem.
Theorem 1: Under the same assumption as in Lemma 2, the

asymptotic expansion of the LRF reconstructed by the one-step
evolution of the Schur algorithm from to is given by

(32)

where is independent with .
Proof: From Lemma 1, we know that

(33)
Inserting (13) into (33), we get (32).
It is easy to see that Theorem 1 also holds at any position

by induction due to the recursive nature of the Schur algorithm.
From (32), the accuracy of the Schur algorithm is .
In order to provide an intuition for the SARE, we give an

illustrative example. We denote the LRF computed by the Schur
algorithm with the DS of at the position as . From
Theorem 1, we can write

(34)

The -step Richardson extrapolation combines ,
, to eliminate of (34), ,

and thus, the accuracy is increased to . For example,
the 2-step Richardson extrapolation procedure is given by [52]

(35)
where is independent with . It can be seen from (35) that
the 2-step Richardson extrapolation increases the accuracy from

to . Note that the value of in (32) is not necessary
for the Richardson extrapolation. We present the -step SARE
with detailed numerical behaviors in the following section.

III. SARE

Using the Richardson extrapolation strategy based on the de-
rived asymptotic expansion, we propose the -step SARE that
is a linear combination of the LRFs reconstructed by the Schur
algorithm with the DSs of . The generator
matrix for the smallest DS is given by

...
...

(36)

The LRF vector is defined by

(37)

If we define a column-wise down-sampled matrix of a ma-
trix as

(38)

can be obtained by applying the Schur algorithm to

, where and are element of
and , respectively. Note that is the LRF computed by
the Schur algorithm with the DS of . Now, the LRF vector

of the -step SARE is obtained by the Richardson
extrapolation procedure as follows

(39)

where is given by [52]

(40)

The error terms of (34) whose degrees are smaller than are
eliminated in (39), and the accuracy of the SARE is .
At first glance (39) seems like the conventional Richardson

extrapolation procedure, but it is important to adjust the position
of . The -step SARE requires the values of for all ,

, at a specific position. However, the reconstructed
positions of , , , are different for each
. To explain how the positions of should be aligned, the
2-step SARE is depicted in Fig. 1 as an illustrative example.
Because the reconstructed positions except for , indicated by
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Fig. 1. Reconstructed positions of , 0, 1, 2, for the 2-step SARE.

Fig. 2. versus .

open circle in Fig. 1, cannot be obtained by , the 2-step
SARE can be executed only at , indicated by filled circle in
Fig. 1. In general, the -step SARE can be achieved only at
multiples of , where the positions of all , are

overlapped. This is why down-sampling of is per-
formed in (39).
The lowest order term of the error terms in (39) can be ex-

pressed as follows

(41)

where is the th order term of the error terms
for . For the accuracy order of the Schur algorithm to be
equivalent with the -step SARE, it is natural to decrease the
DS of the Schur algorithm from to . In this case, the
lowest order term of the error terms for the Schur algorithm is
given by

(42)

We plot with respect to in Fig. 2. Although it can not be
determined whether (41) is greater than (42) or not,2 it is worth
of notice that decays exponentially as seen in Fig. 2. This
exponentially decaying behavior of can provide consid-

2It is clear from the derivation procedure of the asymptotic expansion that
we can not get any analytical information about . Therefore, an analytical
comparison between the -step SARE and the Schur algorithm with the DS of

is generally unsuitable.

Fig. 3. Complexity vs. for the SARE and the Schur algorithm when
and .

erable additional improvement of accuracy. The advantage of
can be observed in a numerical example at the end of

this section.
If it is necessary to identify a continuous medium at sparse

positions instead of the exhaustive examination over the whole
medium, the SARE can provide a computationally efficient so-
lution. To be specific, assume that the target DS is when the
DS of the given scattering data is . In this case, the -step
SARE is enough to get the accuracy that corresponds to the
Schur algorithm with the given scattering data. If the number
of layers with the DS of is , the -step SARE requires

(43)

multiplications. Although we need the LRF only at multiples
of , the conventional Schur algorithm should be run using the
given scattering data in order to preserve accuracy , in
which multiplications are required. The complexity
is compared as a function of in Fig. 3, where and

for and , respectively. If logarithm
is taken for the dominant -term of the complexity, we get

(44)

(45)

The slope of (44) and (45) with respect to are and
, respectively. These two slopes become equivalent

when . However, the slope of the Schur algorithm
logarithmically increases as decreases and is larger than the
constant slope of the SARE when . These observations
can be clearly seen in Fig. 3. Therefore, the computational
efficiency of the SARE is better revealed for small . In the
case of , the 3-step SARE reduces the complexity of
the Schur algorithm by a factor of as shown in Fig. 3.
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Fig. 4. Scattering data.

A. Simulation Example

To evaluate the discretization error of the SARE, it is desir-
able to use a case which has exact solution for a specific scat-
tering data. So far the scattering data obtained from a rational
transfer function is the only known example in which the exact
LRF can be computed [36]. However, a numerical procedure
should be performed to solve the characteristic polynomial ex-
cept for the transfer function of Butterworth filter. Therefore, it
is the best to utilize the scattering data generated by the transfer
function of Butterworth filter. In addition, the step response
of Butterworth filter is used as the scattering data in order to
sidestep any approximation for the generation of the scattering
data. The transfer function of an th order Butterworth filter
with unit cutoff frequency can be expressed by

(46)

where is a constant, ,
and . In this simulation
is the unit step function of and is given by the step
response of a 10th order Butterworth filter as follows

(47)

We fix at 0.95. This scattering data is plotted in Fig. 4. For a
quantitative comparison of the SARE with the Schur algorithm,
the reconstruction error and the normalized reconstruction
error are defined by

(48)

(49)

Fig. 5. Demonstration of the improved accuracy of the SARE: (a) recon-
structed LRF for , (b) reconstruction error of the 3-step SARE when

, (c) normalized reconstruction error versus when and
.

where is the true value of the LRF and is the recon-
structed LRF.
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In Fig. 5, we demonstrate the performance of the SARE up to
3-step case which was sufficient to show the superiority of the
SARE over the Schur algorithm. The reconstructed LRFs for

are plotted in Fig. 5(a). It can be seen from Fig. 5(a)
that the error of the Schur algorithm is decreased by the SARE as
N increases, and the LRF of the 2-step SARE cannot be discrim-
inated from the true value in this figure. The reconstruction error
for the 3-step SARE is shown for in Fig. 5(b). To verify
the accuracy of the 3-step SARE, the Schur algorithm
with the DS of is also plotted in this figure. The Schur algo-
rithm with the DS of , which is the smallest DS in the 3-step
SARE, is added in Fig. 5(b). It is clear from Fig. 5(b) that the
reconstruction error of the 3-step SARE is remarkably smaller
than the Schur algorithm with the DS of over the whole
medium, which proves the accuracy order of the 3-step SARE
and the value of exponentially decaying . In Fig. 5(c), the
normalized reconstruction error for and is
illustrated with respect to , which shows the accuracy of the
SARE at a glance. For the same accuracy as the -step SARE,
the DS of the Schur algorithm in Fig. 5(c) is . We can con-
firm in Fig. 5(c) that the accuracy of the -step SARE is con-
gruent or larger than the accuracy of the Schur algorithm with
the DS of . In addition, the accuracy improvement of the
SARE becomes greater than the increased accuracy order as
increases. The shape of the graphs for is identical to
that for , because the ratio of the dominant term of the
reconstruction error for the -step SARE, , to
that for the Schur algorithm with the DS of , , is
not dependent on . However, the computational efficiency of
the SARE is increased as decreases. For example, the normal-
ized reconstruction error of the 3-step SARE for corre-
sponds to that of the Schur algorithm with the DS of .
The computational gain of the SARE amounts to in this
case.

IV. EXTENDED SARE

The spacing of the reconstructed positions in Section III is ,
even if the involved DSs are smaller than or equal to . In this
section, assuming that the DS of the given scattering data is ,
we extend the -step SARE (39) to get the LRF with the DS
of . Once the DS of the scattering data is fixed by the sam-
pling rate, the DS that is lower than is not available. Instead
of the DSs of in (39), we start from the
-step SARE with the DSs of , which

means down-sampling of the given scattering data by integer
factor, as follows

(50)

The subscript of (39) is suitably altered in (50) according to
the change of the involved DSs. As mentioned in Section III,
the reconstructed positions of (50) are , .
However, the DS of the given scattering data is , not .
In order to get a solution corresponding to the given scattering
data, we change the initial position of (50) from 0 to , ,

, and add one more subscript to denote this initial
position as follows

...
...

(51)

...

(52)

Note that is computed by applying the Schur algo-

rithm to . Now, the -step SARE computes the LRF
at , as follows,

(53)

Therefore, if the -step SARE is repeated -times which is
the ratio of the largest DS to the smallest DS , we can
obtain the LRF with the increased accuracy .
The complexity of (53) can be decreased if we examine (52)

carefully. If is larger than or equal to , the reconstructed
positions of overlap with , where

and is the largest integer less than or equal to . For example,
we compare and as follows,

...
...

(54)

which shows that is obtained by dropping the first ele-
ment of . In general, , , is gained by
removing the first elements of , where

Therefore executions of the Schur algorithm with the DS
of is enough. We call the detailed procedure of this sec-
tion as the extended SARE (ESARE). The number of multipli-
cations for the ESARE is

(55)

Only the multiplications associated with the computation of
are counted in (55) because the complexity of the rest is .
If we compare the dominant -term of (55) with that of the
conventional Schur algorithm, the complexity of the ESARE
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is less than twice of that of the Schur algorithm. That is, the
complexity of the ESARE is comparable to the Schur algorithm
although the accuracy order is increased from 1 to . The
complexity of (39) increases exponentially with respect to as
shown in (43), because the number of layers for each involved
DS also increases exponentially. However, the complexity of
the ESARE is almost independent on due to the exponentially
decreasing DSs and the avoidance of unnecessarily duplicated
computations.
The Richardson extrapolation converges to the exact value as
tends to infinity if is less than unity for all , where
is the newly added DS in the -step Richardson extrapola-

tion [50], [51]. However, unlike the SARE, the newly added DS
of the ESARE increases as increases, and the convergence of
the ESARE is not guaranteed. Therefore, the value of can not
be made arbitrarily large in the ESARE, and we need a stopping
criteria for . To this end, we consider the dominant term for
the reconstruction error of the ESARE can be obtained by the
replacement of in (41) with , which is given by

(56)

From (40) and (41), we get

(57)

As increases, it is clear from (57) that increases ex-
ponentially, and that the value of (56) can be significantly in-
creased by . Therefore, if the unknown is ignored
in (56), the decreasing rate of the error of the ESARE can be
considerably degraded by as increases. On the other
hand, is a convex function with respect to due to
the monotonicity of and . The magnitude
of is shown in Fig. 6, in which convexity can be clearly
seen. As a rule of thumb, we suggest that the maximum value
of , denoted by , is chosen by the integer value which
minimizes .
Remark 1: The SARE or ESARE is a linear combination

of the Schur algorithm, and the complexity is dominated by
the complexity of the Schur algorithm. Therefore computation-
ally efficient methods of the Schur algorithm can be directly
employed to further decrease the complexity of the SARE or
ESARE.

Fig. 6. vs. when , 0.04, 0.06, 0.08.

A. Simulation Example for the ESARE

Let us revisit the example of Section III-A. The numerical
performance of the ESARE is depicted in Fig. 7. The accu-
racy of the ESARE is verified by showing the normalized re-
construction error with respect to , as shown in Fig. 7(a).
The maximum value of for each is determined such that

is minimized. The normalized reconstruction error is
significantly decreased as increases in spite of the fixed ,
which could never be achieved by any previous inverse scat-
tering methods. The accuracy improvement becomes larger for
smaller . Specifically, the normalized reconstruction error for

and is reduced by up to a factor of
and , respectively. It can be seen from Fig. 7(a) that the
accuracy improvement rate of the ESARE is decreased as
increases. In the case of , the accuracy of the 2-step
ESARE compared to the 1-step ESARE is improved by a factor
of 27, but the accuracy improvement is less than twice when
is increased from 4 to 5. Unlike the result of Section III, the per-
formance of the ESARE is bounded by due to the usage
of the DSs which are larger than . However, the discretization
error of the 1-D CISP can be made negligible by the proposed
ESARE, under relatively large .
In the case of , the computational efficiency of

the ESARE is shown in Fig. 7(b). The measure for the com-
putational complexity is the number of multiplications. In
Fig. 7(b), the complexity of the Schur algorithm is drawn such
that the normalized reconstruction error is equivalent to that
of the ESARE. While the complexity of the ESARE is almost
stationary in spite of the decrease of the discretization error by a
factor of , the complexity growth of the Schur algorithm
amounts to a factor of . In our simulation, the runtime of the
ESARE is less than one second, but the runtime of the Schur
algorithm is larger than 18 days for the same performance with
the 5-step ESARE.
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Fig. 7. Numerical performance of the ESARE: (a) normalized reconstruction
error of the ESARE vs. when , 0.04, 0.06, 0.08, (b) computational
complexity of the ESARE and the Schur algorithm when .

V. CONCLUSION

We proposed the SARE to improve the accuracy or the com-
plexity of the Schur algorithm for the 1-D CISP. Especially,
the -step ESARE achieved the accuracy with the
complexity less than twice of the conventional Schur algorithm.
Therefore, the ESARE decreases the discretization error of the
Schur algorithm in a computationally efficient manner. One of
our future works would be extension of the SARE to a higher
dimensional ISP or lossy case.
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